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NUMERICAL ESTIMATION OF STRESSINTENSITY
FACTORS IN PATCHED CRACKED PLATES
RAMESHCHANDRAandK. GURUPRASAD
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Abstract-Thefatigueandfractureperformanceofacrackedplatecanbesubstantiallyimproved,
byprovidingpatchesasreinforcements.The effectivenessof thepatchesi relatedtothereduction
theycausein thestressintensityfactor(SIF) of thecrack.So, forreliabledesign,oneneedsan
accuratevaluationoftheSIF intermsofcrack,patchandadhesiveparameters.In thisinvestigation
a finiteelementechniqueto computetheSIF throughtheJ-integralforpatchedcrackedplates
ispresented.TRIM6 andTRUMPL elementsofASKA areemployedtomodelcrackedsheetand
crackedsheet-adhesives-patchregions,respectively.PathindependencyofJ-integralforunpatched
platesis shownbyconsideringmanycontours.For patchedplates,thecontourschosendo not
enclosethe patch-crackedsheetregion.The valuesof SIF's areobtainedfor unpatchededge-
cracked,unpatchedcentre-crackedandpatchedcentre-crackedplates.Thesevaluesarecompared
with the analyticaland numericalresultsexistingin the literature.This studyshowsthat
conventionalfiniteelementscanbeusedto modelpatchedcracksandreasonablestimateof SIF
canbemadeviathei-integral.
NOTATION
IJ" CTy,a,y
G" G,.,GX>'
E' .
i-integral
Contoursurroundingthecracktip
Tractionvectordefinedaccordingto theoutwardnormalalongr, Fig. I
Displacementvectorat a pointoncontour,ii = iu+jv
Arclengthalongthecontour
Cracklengthandsemicracklengthfor edgecrackandcentre-crackplatesrespectively
Widthandsemiwitithfor edge-crackandcentre-crackplatesrespectively
Lengthof plates
Stateof stressata point(x,y)
Stateof strainata point(x,y)
Young'smodulusof thecrackedplate
Strainenergydensity,1/2(atGt +CTyEy+ax).Ex)')
Directionsperpendicularndparallelto crackline
StressIntensityFactor(SIF)
ReferencevalueofSIF
SIF for patchedplate
SIF for unpatchedplate
Appliedstress
Thicknessof patch
Thicknessof sheet
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INTRODUCTION
THE'FAIL SAFE'conceptiswidelyusedin thedesignof aircraftstructuralcomponents.Thedesign
ofsuch'damagetolerant'structuresi governedbydetailedspecifications[l,2],whichareintended
toensurethata specifiedfatiguecrackwill not growto criticalproportionsin a periodbetween
successiveroutineinspections.
Fatiguecrackedcomponentsareoftenrepairedin service.Standardrepairschemesnormally
involvestrengtheningthecomponentby connectinga reinforcingmemberbymeansof boltsor
rivetsandtherebyreducingthecracktip stressintensityfactors.
Recenttechnologicaldvancesin fibrereinforcedcompositematerialsandadhesivebonding
haveledto thedevelopmentof efficientrepairschemesusingthese.In suchrepairs,(a) theload
transferbetweencomponentandreinforcementisaffectedwithminimalstressconcentrationefects,
fb)thepropertiesandgeometryofthereinforcementcanbetailoredtosuittheparticularapplication
and(c) compositerepairpatchdoesnot add significantlyto the weightof the component.
Boron--epoxy,boron-aluminiumandcarbon--epoxyhavebeenusedin somerepairschemesfor
aircraftstructures[3,4].A generalresearchprogrammeon developmentof methodologyfordesign
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ofreinforcementincrackedplatesiscurrentlybeingpursuedatNationalAeronauticalLaboratory,
India[5-8].
An efficientdesignof thereinforcement(patch)needsestimatiod.of theresultingstressintensity
factor(SIF) at thecracktip in thepatchedpaneL I
Therehavebeennumerousattempts[9-12]to computeSIF of patchedcrackedplates.These
arebasedon thefiniteelementechniqueusingspecialelementswith displacement[13Jorhybrid
formulation[14].
In this investigationa finiteelementtechniqueto computeSiF throughthe i-integralfor
patchedcrackedplatesis presented.TRIM6 andTR UMPL elementsof ASKA areemployedto
modelcrackedsheetand crackedsheet-adhesives-patchregionsrespectively.Path independ~ncy
of thei-integralforunpatchedplatesis shownbyconsideringmanycontours.For patchedplates,
thecontourschosendonotenclosethepatch-crackedsheetregion.The valuesofSIF's areobtained
for unpatchededge-cracked,unpatchedcentre-crackedandpatchedcentre-cracked-plates.These
valuesarecomparedwith theanalyticalandnumericalresultsexistingin theliterature.Thisstudy
showsthat conventionalfiniteelementscanbe usedto modelpatchedcracksand reasonable
estimateof SIF canbemadeviathei-integraL
COMPUTATION OF STRESS INTENSITY FACTOR VIA J-INTEGRAL
Rice[15J provedthe existenceof path-independentcontourintegralfor two dimensional
deformationfieldin theabsenceof body forces.This integralis givenas:
r
au
i = ,rwdy-T. oxds. (1)
For a generalcontour,
au au
(
dy dX
)
av
(
dy dX
)T . ax=ax (Ixds- (T~yds +ax(Txyds- (lyds .
He considereda closedcontour(AIB1C1ABCD E F Al in Fig. 1a)aroundcrack tip,applied
Green'stheoremtoconvertlineintegralintoanareaintegralandshowedthatthiscontourintegral
waszero.He furtherusedtheconditionsonthecrackfaces(FAI andACt)andprovedthepath
independencyofthecontourintegral.The limitationof theexistenceof thisintegralthereforeare:
(1)No bodyforces
(2)Crack facesnot loaded
(3)No discontinuityin theregionbetweenr1 and f2.
Figure1showsthecontoursrequiredto beconsideredforcrackedplateswithandwithoutpatches.
It is to be notedthatthe validpathsfor differentconfigurationsare differentfrom eachother.
Althoughthei-integral wasoriginallyintendedto beapplicablein LinearElasticFracture
Mechanics(LEFM) regime,it hasbeenextendedto ElasticPlasticFractureMechanics(EPFM)
regimeby manyinvestigators.Someof theimportantcontributionsarebrieflyreviewedhere.
Kobayashi[16Jused a finiteelementtechniqueandan experimentaltechniquebasedon
compliance(load~eflection)toevaluatei-integralvaluesfora highlyductilematerial.Heshowed
thepathind~pendencyof thei-integralfor thismaterialupto fairly highloadsand thepreand
postcrackextensionsituations.Readet a/.[17,18]in theirsearchfor validfracturecriteriafor
their'fitnessforserviceassessmentmethodology'programexaminedthei-integralandtheCOD
andconcludedthatthe i-integralwould bethe mostappropriatecriterionfor EPFM. Finite
elementmethodusingnonlinearcracktip element,experimentalmethodsusingload vselongation
andcontourintegratingof the'integrand'establishedbystraingaugemeasurementswereeach,
employedto evaluatethe i-integralfor a numberof configurations.A goodcorrelationbetweenI
thethreetechniqueswas achievedin onecaseand it wasfelt that similaragreementwasnot.
achievedin othercasesduetodifficultiesin theexperimentaltechniques.Kingand Herrmann[19J
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. presente?an e~perimentalevaluationof the i-integral in LEFM and EPFM regimesusing
, ultrasomcvelocItymeasurements.
] Frediani[20]presentedxperimentalandtheoreticalevaluationoftheJ-integralforaluminium
1 alloys(2024and7075).Theoreticalstudywasbasedonfiniteelementtechniquemploying8noded
I singularisoparametericelement.Thepathindependencewasshownby considering14 different
! pathsandacceptin~the22.percentv~~iationi ,the!-values.~xperimentalevalua.tionwasbased
on direct contour IntegratIOnof the Integrand estimatedwIth the help of straIn gauges.The
E D
b
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c d
Fig. 1.(a)Contourforcrackedplatewithoutpatch.(b,c,d) Contoursforcrackedplatewithpatchat
variouspositions.
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loadededgesof centre-crackedspecimenswerereinforcedwith stiff platesto ensureunifonn
displacementat theedges.Howeverto ensurewhetheror notit is realised,specimenwithnocrack
lengthwastested.Thistest,byresultinga nonzerovalueofJ, revealedthatuniformdisplacement
conditionwasnotachieved.Thisnonzerovalueof J at variousload levelswasconsideredtoh",
theerrOidue to nonuniformityof displacementat the edges.Under theassumptionthattl~;
er:or is independentof~racklength,t?e valuesof theJ-integralwere.evaluatedby incorporating
this error.AlthoughthIsmethodaVOIdsthemeasurementsof thedIsplacementsal theloading
edges,it is highlyunsatisfactoryas, in principle,the correctionfactordefinitelydependsupon
cracklength.
Thus it appearsthat theJ-integralhasbeencomputedtheoreticallyand experimentallyin
LEFM andEPFM situationsforcrackedbodieswithoutreinforcement.For thepresentproblern
of patchedcrack plates,experimentalevaluationof contourintegralby directmeasurementof
integralbecomesverycomplexasthestressanddisplacementfieldsaretobemeasuredalongthe
contourin theinteriorof thebody.HencewenumericallyestimateJ integralfor thisproblemin
LEFM regimeonly.In LEFM, SIF and J-integralare connectedby
K =(J£)1/2.
SIF's arecomputedby employingequation(2).
FINITE ELEMENT MODELLING
TRIM6 andTRUMPL ofASKA wereusedto modelthecrackedsheetandthecracked
sheet-adhesive-patchregionsrespectively.TRIM6 is a sixnodedtriangularmembraneelement
withthreetranslationaldegreesoffreedompernode.TRUMPL isa threenodedtriangularlayered
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Fig.2.TRIM6 andTRUMPL elementsof ASKA.
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TableI. Convergencestudy--edge-crackedplatewithoutpatch
No. of nodes K/aJlW
2.7644
2.8876
2.9012
3.0208
Error(percent)
7.80
3.75
3.29
0.70
53\ (mesh\)
682(mesh2)
1119(mesh3)
1119(mesh4)
h/b= 0.5;a/b =0.5.
K'd/ajiia = 3.00[21].
plateelementwith sixdegreesof freedom(3 translationsand 3 rotations)pernode.The layers
canhaveanisotropicproperties.Figure2 showsthese lements.
ILLUSTRA nONS
(2)
Edge-crackedplateswithoutpatches
An edge-crackedplatewithoutpatchesubjectedto uniformtensileload wasconsideredas
the first testexample.In order to establishconvergence,fourmeshesweregeneratedusing
FEMGEN of ASKA andvaluesof SIF viathei-integralwerecomputedby employingtenpoint
Gaussianquadratureintegration.Loadingedgewasconsideredtobeunconstrained.Table 1shows
. thevaiuesof SIF correspondingto thesemeshes.Figure3 showsthemesh4 whichcorresponds
\ totheconvergedsolution.For computationof contourintegral(J-integral)pathsA; B; C; D; were
: used.Sixpathsas shownin Fig. 3 wereusedto studythe pathindependenceof thei-integral.
: Table2showsthevaluesof SIF correspondingto thesepaths.It is to benotedthattheaccuracyI
, in thevalueof i decreasesas thepathmovesnearto the cracktip. Such a behaviouris not
. unexpectedas the stressand displacementfieldsin thevicinityof crack-tiparenot accurately
! representedin the presentanalysiswhichusesconventionalelement(withoutsingularity).Most
J suitablepathforaccuratedeterminationfi dependsuponajhratio.Figure4comparesthevalues
! ofK (viai) to theonesobtainedanalytically[21]forvariouscracklengthandaspectratio.The
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Table2. Path independencyof l-integral-edge-crackedplatewithoutpatch
Path Kfa.J1C(l
2.834
2.796
2.829
2.853
2.828
2.713
Error(percent)
0.56
1.89
0.73
0.10
0.77
4.80
Pi
P2
PJ
P4
P5
P6
hlb = 1'0;alb = 0.5.
Kreflu.,fiW= 2'85[21].
goodcomparisonestablishestheefficacyof thepresentanalysisto edge-crackedplateswithout
patches.
Centre-crackedplateswithoutpatches
The meshusedfor edge-crackedplateswasusedfor analysisof centre-crackedplateswith
thepropersymmetryconditions.The valuesof SIFs for variouscrack lengthand aspectratios
arecomparedwiththeonesobtainedanalytically[21]in Fig.5.The comparisonis foundto be
good.
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Table3.Comparisonof SIF's obtainedby presentanalysis,analyticaltechniques
and photoelastictechniques
i
Crackedsheet:Photoe\asticmaterial,thickness= 2.96mm,length= 340mm,
width= 75mm,semi-cracklength= 12.75mm,Young'smodulus= 3100N/mml,
Poisson'sratio = 0.36,shearmodulus= 1140N/mm2.
Patch: Photoelasticmaterial,thickness = 1.71mm, length= 40mm,
width= 2.5mm, distancebetweentwo patch strip,2Xo= 13.76mm,Young's
modulus= 3100N/mm2,Poisson'sratio= 0.36,shearmodulus= 1140N/mm2.
Adhesive:Epoxy,thickness= 0.01mm,shearmodulus= 1140N/mm2,
appliedstress= 3.61N/mm2(0").
Centre-crackedplateswithpatches
Figure6 showsthe patchedcentre-crackedplatesconfigurationwhichis analysedby the
presentechnique.This configurationis selectedbecauseanalyticaland numericalvaluesof SIF
areavailable[5, 10].Figure7showsthemeshforquarteroftheplate.In thepatchedcrackedsheet
region,TRUM PL elementhasfivelayers(l of crackedsheet,2 of adhesiveand 2 of patch).In
theelementsin thevicinityof crack(alongthecrack length)crackedsheetdoesnotexistfor
distancesof theorderof crackwidth.Hencein theseelements,crackedsheetlayeris modelledby
a layerof verylowmodulus(E =I N/mm2).Resultsarepresentedin Tables3 and 4.It is to be
notedfromTable 3 thatthevaluesof SIF computedby presentmethodcompareswellwith the
onesobtainedby employinganalyticalandexperimentaltechniques[S,8].Table 4 showsthe
comparisonof thepresentmethodwithfiniteelementmethod[lO]for variouspatchpositions(Fig.
8).It is to be notedthatthevaluesof SIF obtainedby usingthepresentmethodcomparewell
withtheonesobtainedby usingthefiniteelementtechniquewithsingularelement[lO].Also it is
realisedfromTable4 that thepatchesverymuchaheadofcrackdo notinfluencetheSIF at all.
In orderto studytheinfluenceof patchthicknesson SIF,anotherconfigurationisexamined.
TableS describesthedata usedfor this configuration.Figure9 showsthe influenceof patch
thicknesson SIF forthiscase.Hereagain,goodcomparisonwithanalyticalmethodeS]isnoticed.
CONCLUSION
. Useof conventionalfiniteelemento computeSIF viatheJ-integralapproachforcracked
plateswithoutreinforcementwasalreadydemonstratedby otherinvestigationsand is reiteratedin
thepresentinvestigation.Presentstudyrevealsthata conventionalfiniteelementmethodcan be
usedtocomputetheSIF for patchedcrackedplatesalsoprovidedoneusestheJ-integralapproach.
Table4.ComparisonofSIF's obtainedbypresentanalysisandothernumericaltechniques
Crackedsheet:Aluminium'"'"Iv,thickness= 2.30mm, length= 635mm,width= 508mm,semi-
cracklength= 19.05mm,YOUl.. .nodulus= 71020N/mm2,Poisson'sratio = 0.32.
Patch:Boron-epoxy,thickness= 0.127mm,length= 100.8mm,width= 6.35mm,Young'smoduli:
E, = 208100N/mml,E.lE2 =8.18,Poisson'sratio= 0.168,shearmodulus= 7240N/mml.
Adhesive:Epoxy, thickness= 0.1016mm,shearmodulus= 965N/mm2,Poisson'sratio =0.3,
appliedstress=0.689N/mm2.
Presentanalysis Analytical Experimental
(photoelasticity)
[5] [8]
SIF
IN/mmJ!2)14.71 15.22 13.80
Kp/Ku
Patchposition Presentmethod Ref.[10] %Error
Xo(Fig.8)
3.175 0.75 0.67 12
9.525 0.68 0.60 13
28.575 1.015
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Table5.Datausedto studytheinfluenceof patchthicknessonSIF
Crackedsheet
Aluminiumalloy
Thickness= I mm,length= 600mm,width= 200mm
Semi-cracklength=19.00mm
Young'smodulus=-071,020Nfmm2
Poisson'sratio= 0.32
Patch
Carbon--epoxy
Thickness= 0.055mm,0.282mm,1.686mm
Length= 20mm,width=2mm
Young'smoduli:E = 208100Nfmm2,EJE2 = 8.18
Poisson'sratio= 0.168
Shearmodulus= 5000Nfmm2
Adhesive
Epoxy
Thickness= 0.1016mm
Shear modulus=965Nfmm2
Poisson'sRatio= 0.3
Appliedstress= 0.689Nfmm2
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